The control problem of time-optimal, rest-to-rest slewing of a flexible spacecraft through a large angle is considered. The flexible spacecraft is modeled as a linear, elastic, undamped, nongyroscopic system suitable for analysis of planar rotational maneuvers. Minimum-time open-loop planar maneuvers are studied. The control histories are found to be bang-bang with multiple switches in each control variable. The optimal control history is shown to have an important time symmetry property. The switching times, final time, and costates at midmaneuver satisfy a system of nonlinear algebraic equations that can be solved using a homotopy method. An upper bound on attitude error due to control spillover is obtained. This helps to determine, a priori, the number of vibrational modes that need to be actively suppressed at the final time such that a prespecified pointing accuracy is guaranteed after the maneuver has been completed. A time-optimal slewing example is discussed to demonstrate the applicability of the results.
I. Introduction
A TTITUDE controllers for spacecraft have been based on the assumption that the bodies being controlled are rigid. However, future spacecraft may be quite flexible compared with their current counterparts. Many proposed applications require maneuvering these vehicles between two states of rest. In some time-critical applications, these maneuvers must be performed as rapidly as possible between two widely spaced quiescent attitudes. It is the design of a control system for such an application, using nonlinear control elements such as on-off actuators, that is considered in this work.
Large angle, three-axis, rotational maneuvers of spacecraft are usually performed by means of a sequence of single-axis rotations. Such maneuvers may take a relatively long time and their duration can often be reduced considerably by performing simultaneous three-axis slews. These maneuvers are necessarily more complex due to the inherent nonlinearities, even for a rigid spacecraft. Nonlinear effects are further compounded, for the flexible spacecraft case, when even small elastic deformations are considered, caused by rotational stiffening. This problem is not only infinite dimensional but also highly nonlinear. The problem of planar or single-axis rotational maneuvers is linear for the rigid spacecraft case; but for the elastic spacecraft case, kinematic nonlinearities are significant at high rotational rates, resulting in a nonlinear infinite dimensional problem.
Problems of rest-to-rest slewing maneuvers of rigid bodies have received considerable attention in the past. Euler's theorem on rotations has been widely used to obtain control histories for performing simultaneous three-axis slews. Kranton 4 has studied near minimum-time maneuvers that are constrained so that the angular velocity vector remains fixed in the rigid body as well as in inertial space. It is unlikely that this occurs unless the desired change in orientation can be achieved by rotating the body about one of the principle axis. Various control schemes have used internal angular momentum management to bring about a desired change in orientation. 8 ' 10 ' 13 ' 15 ' 16 Carrington and Junkins 9 have solved the large angle maneuver problem using a polynomial feedback form by expanding the control as a polynomial function of system states with coefficients determined by minimizing a quadratic cost functional; the maneuver time was fixed in this problem. Nonlinear state and control transformations have also been employed to linearize the dynamical model.
"
14 ' 33 A reorientation problem was then formulated as a linear optimal control problem in the transformed space. Control torques were obtained by minimizing a quadratic cost functional. Quite recently 18 variable structure control theory was used in studying rigid body slewing. Once again the control torques were obtained by minimizing a quadratic performance index. Dixon et al. 5 used impulsive torques to perform minimum fuel reorientations of rigid spacecraft using a series of pulses and coasting arcs. Bergman et al. 6 employed reaction control and used a linear programming algorithm for jet selection to perform rigid spacecraft rotational maneuvers. In another work, 7 Euler's theorem on rotations was Used to perform rapid reorientations using reaction jets. This scheme for rapid reorientation required near-maximum jet torquing.
Flexible spacecraft slewing problems, like their rigid body counterparts, have also received considerable attention. In most of the published work the single-axis maneuver problem has been solved by minimizing a cost functional involving quadratic penalties on control effort, deformations, and deformation rates. It is possible to obtain feedback control strategies in these situations. An integrated structure and control optimization was carried out for rotational maneuvers minimizing a quadratic cost functional by selecting feedback control and various structural parameters simultaneously, 30 ' 31 with the maneuver time being fixed. Skaar and Tucker 28 ' 29 used a convolution integral approach to find exact open-and closedloop control solutions that bring a finite number of locations on a flexible structure to any desired final position and velocity by minimizing a quadratic cost functional involving penalties on control effort and control effort rate during a fixed maneuver duration. Optimal open-loop controls have also been obtained that perforfn these slewing maneuvers while minimizing a structural excitation criterion. 20 ' 21 In all of the above cases, the maneuvers considered were planar, and their dynamics were linear. Single-axis maneuvers including the effects of kinematic nonlinearities have also received some attention. 23 Here, optimal open-and closed-loop controls were obtained by minimizing a quadratic performance index for a fixed maneuver time. The resulting nonlinear two-point boundary value problem was solved using continuation methods. A slewing control experiment has also been carried out to test the linear optimal control applied to single-axis slews of a flexible structure. 34 In all of these published works the optimal control time histories were found to be continuous.
Slewing problems using on-off type actuation have recently begun to receive attention. In a recent account, 37 an optimal open-loop control is obtained for a fixed maneuver time where the intermediate switching time is selected to minimize the post-maneuver energy. Near-optimal maneuvers to perform these retargetings, which minimize a weighted combination of maneuver time and fuel consumption, were also obtained recently.
35
- 36 Thompson et al. 38 have solved the planar rest-torest slewing problem by shaping the control input profiles. The resulting control is not bang-bang, and the maneuvers thus performed are not minimum time. All of the above have dealt with planar sewings. Monaco and Stronelli 39 suggest a steadystate feedback control strategy for simultaneous three-axis slews, utilizing reaction wheels and on-off controls, which brings the system state to the desired final state. All of these accounts, however, stop short of obtaining a time optimal control, using on-off type actuation only, which minimizes maneuver time.
In the present work we examine the minimum time, planar, rest-to-rest rotational maneuvers of a flexible spacecraft. All controls are assumed to be magnitude limited. The spacecraft is modeled as a linear, elastic, undamped, nongyroscopic system. Time optimal control histories, which bring the rigid body mode and a finite number of vibrational modes to rest at the final time, are obtained. The system is assumed to be in a state of rest initially. The control histories are found to be bangbang with multiple switches:
The original results of this work are that:
1) The optimal control history has a time symmetry property.
2) The optimal switching times, optimal final time, and the costates at midmaneuyer satisfy a system of nonlinear algebraic equations.
3) The pointing error resulting from spillover into uncontrolled models is quantified.
Based on these observations the numerical optimization problem can be reduced to a problem of solving a set of algebraic equations for only one-half of the switching times and the final time. In this work a homotopy method is used to obtain solutions.
It should be pointed out that the results obtained here are applicable to all linear, elastic, undamped, nongyroscopic mechanical systems possessing one rigid body mode and a finite number of undamped elastic modes, in rotation or translation.
To outline briefly the remainder of this paper, we formulate the time optimal control problem in Sec. II and give a specific physical example that conforms to the dynamical model described there. Next, in Sec. Ill, we present the important properties of the time optimal control. In Sec. IV we outline a homotopy approach that can be used to obtain solutions to the resulting set of nonlinear algebraic equations. In Sec. V we examine in detail some example maneuvers. We conclude by summarizing the original contributions and limitations of this work, and we mention future research directions.
II. Formulation of the Time-Optimal Control Problem
Consider the linearized rotational dynamics of a flexible spacecraft where control inputs are used to actively control the rigid body mode and flexible modes. Consider a rigid central body, as in Fig. 1 , to which TV (TV > 2) identical flexible appendages are attached. The following assumptions are made to obtain a mathematical model:
1) The appendages displacements, slopes, and central body rotation rates remain small.
2) The appendages are inextensible.
3) Appendage displacements are restricted to a plane orthogonal to the central body's axis of rotation.
4) The deformations of the appendages relative to their undeformed shapes are identical and antisymmetric; see The spacecraft is to be controlled by a single torque actuator located on the central body and m torques located at identical locations on each of the N appendages (see Fig. 1 ). The extension of this formulation to a system controlled by force actuators or a combination of torque and force actuators is straightforward and results in a similar model.
Let 0(0 be the angular displacement of the central body, y(x,t) the lateral displacement of the flexible appendages at x, the distance along the appendage measured from the ap- it can be shown that the generalized forces are pendage root, 0 < x ^ L; where L is the overall length of one appendage. Let Q e and Q y be the generalized forges associated with 0(t) and .y, respectively. Let '/* be the rotational inertia of the undeformed vehicle about the axis of rotation, -R the radius of the central body (which is assumed cylindrical, with its axis of symmetry pointing along the axis of rotation), EI(x) the appendage material stiffness and p(x) be the appendage material density, respectively. 
Let the appendage lateral displacement be expressed as y(x,t) = D^! faWq^f); where (/>,<» and q t (f) are the assumed mode shape and the corresponding generalized coordinate respectively (i = 1,2,3,...,«), and n is the number of vibrational modes retained in the control model. Further, define the following quantities: (5) where T = (r x T 2 T 3 ... r m ):andl = (l 1 1 ... iy is a vector of appropriate dimension. The quantities defined above, when used in Eqs. (1) and (2), result in the following coupled linear ordinary differential equations:
where the ijth element of O x is N{[(/) i (x)] x } (x=u) . Using Eq. (6) in Eq. (7) we obtain:
Introducing a coordinate transformation q = Uiy, where U is a normalized modal matrix such that U'[M -(\/J*)mm '] U = / and U'KU = fl 2 [where I is a unit matrix and (i 2 = diag(w 2 ), and / = 1,2,3,...,«], Eq. (8) is transformed into
Finally we define the following state and control variables:
and the parameters: (6) and (9), the following state space description of the plant dynamics are obtained:
If T is the torque applied by the torquer located on the central body and 7} is the torque applied by the torquer located at x == LJ on an appendage, wherey = l,2,...,m (see Fig. 1 ), then Defining the state vector as x = ( and the control vector as u =(u 0 ,u l ,u 2 ,... 9 u m y, we obtain the state representation of the control model (18) where A = block diagjAJ, B = block colfB/] and B,= (19) (20) where 0° = l;y = 0,l,2,...,ra. The pair (A,B) is assumed to be normal. 4T he following constraints are imposed on the m + 1 controllers:
The boundary conditions to be satisfied are:
where 0y is the total slew angle. It is assumed, without loss of generality, that the time interval over which the controls are active is [ -t f /2 9 i f /2\. Outside of this interval all controls are turned off, i.e. u(t) =0. We wish to find the optimal control vector w(f)* that minimizes t f while satisfying Eqs. (18) (19) (20) (21) (22) .
III. Properties of the Time-Optimal Control
Pontryagin's maximum principle 41 is used to characterize the time-optimal control vector u(f)*. It has been assumed, without loss of generality, that the maneuver is centered about time t = 0. Exactly n modes are suppressed at the final time. We use the Hamiltonian H = 1 + p(t)'[Ax(t) + BII (f)], where p(t) = \P\t) 9 q\t) 9 p\t) 9 q\t) 9 ... 9 p\t) 9 q n (t)\' is the costate vector. The necessary (and in this case sufficient) conditions for optimality, along with Eqs. (18) (19) (20) (21) (22) , are: It is also straightfoward to show 42 that the optimal control exists, is unique, and is of the bang-bang variety with, possibly, multiple switches in each control variable. The normality of (A,B) prohibits the existence of singular arcs.
Theorem 1: For the optimal control problem defined by Eqs. (18) (19) (20) (21) (22) , the optimal control u(i)* is an odd function of time, i.e., w(0* = -u( -t)*,. -t?/2< t < t}-/2, where tj is the optimal maneuver time.
Corollary I: For the optimal control problem defined by Eqs (18) (19) (20) (21) (22) , the optimal costate vector satisfying Eq. (23) is such that:
Theorem 1 implies that each control variable must switch an odd number of times. They do not necessarily switch at the same times, but all switch synchronously at time r=0. Suppose that they'th optimal control variable, uj(t)* 9 switches 2k j +\ times, where j = 0,1,2,.. .,w; and define v=Zj! 0 K These switches must occur at times -/•£;, -t j k /_ i9 ... 9 -^,0, t\ 9 ... 9 
Equations (29-31) represent a system of n + v + 2 nonlinear algebraic equations in n + v + 2 unknowns that are as follows: v switching times t j r , I <r < k j ,j = 0,1,...,m; the final time t f /2' 9 and the n + 1 costates at midmaneuver po,po 9 ... 9 (23), and bj is theyth column of B in Eq. (18), 0 <y < m. This implies that on the interval (0,^/2), the only zeros of the yth candidate switching function are the candidate switching times t We notice that if v = w, Eqs. (29) and (30) are a set of n-+ 1 equations with n + 1 unknowns. Under a mild additional assumption, the solution of Eqs. (29) and (30) completely characterizes the optimal control. We have the following corollary. Equations (29-31) form the basis of a numerical algorithm to solve the optimal control problem (18) (19) (20) (21) (22) . One potential difficulty with these equations is that a,, k j \ where 0 <y < m are not known a priori. In our examples we have chosen m -0, corresponding to a single control variable. We have noticed that in most cases v = n and we have extensively made use of Corollary 2. The case v < n is exceptional but can occur if modal frequencies are rational multiples of each other. The case v > n can also occur, but seems to be restricted to some particular ranges of the parameter (O f /Uo)a> 2 . To obtain the optimal switching times and the final time we proceed as follows: We suppose that v = n and use Corollary 2 to determine if the solution is optimal. If Eqs. (29) and (30) do not admit a regular solution, we explore the situation v ^ n by increasing or decreasing v and use Theorem 2 to determine whether a candidate solution is indeed optimal; if it is, then it is the only solution to the optimal control problem, because Eqs. (29-32) are both necessary and sufficient for optimality.
Control Spillover
The optimal control characterized in Sec. II is based on a control model which has n flexible modes. This control law is now applied to an evaluation model, of the same form as Eqs. The spillover results in free vibration after the maneuver has been completed. This spillover effect is now characterized. Equations (16) 
y=o where / = w + l,w + 2,...,M. These expressions are further simplified when we examine the scalar control case.
Scalar Control Case
Here we assume that only one control input is used to control the maneuver. This assumption, in terms of the assumptions about the physical models (Fig. 1) means that the N torque actuators, one on each appendage with identical loca-tions on the appendages, taken together represent one control input. We can also consider a spacecraft controlled by only one torque actuator located on the rigid central body as another special scalar control case. Equations (29) and (30) become:
where i = 1,2,...,«. Equation (31) where we have used a = a, and /?j, / = 0,1,2,...,n are defined in Eqs. (12) and (13). (The only difference is that the index j is fixed here for the given actuator location; e.g., j = 0 for the actuator location on the rigid central body.) Satisfaction of Eq. (32) implies that
where t =£t r ,Q < t < t f /2, and r = 1,2,... Jc.
Costates at midmaneuver, and /?j and i = 1,2,...,« appear here as po 9 Pjpo,... 9 Pjpo. It is evident that for the given optimal control problem with a scalar input, if only /?j and i = 1,2,...,« are changed through a change in the actuator location, so long as /?j 7^ 0 and i = 1,2,...,«, (which is prohibited from normality considerations), it is always possible to rescale p& i = l,2,.../i (such that fijpi) and i = l,2,...,w remain invariant) so that Eqs. (44) and (45) are still satisfied for the same values of switching and final times. We therefore observe the following proposition:
Proposition: As indicated above, the time-optimal control history of the system [Eqs. (18) (19) (20) (21) (22) ], where control is effected using only one control input, is independent of actuatory location. It only depends on the modal frequencies, co t and i = 1,2,...,«, and the parameter 9 f /U 0 .
The preceding proposition would enable us to optimize the actuatory location such that some structural excitation criterion is minimized, without effecting the optimal maneuver time.
It has been observed upon solving Eqs. (42) and (43) that for (O f /Uo)col > 1, the maneuver time is not significantly different from the time needed to maneuver an equivalent rigid body in a time-optimal fashion. This is apparently true regardless of the number of actively controlled modes. Active suppression of additional modes at the final time results in different optimal control history without a significant increase in maneuver time, provided that (9 f /Uo)col is sufficiently large. Assuming (^//^o) w i > 1, the following serves as a good approximation of the optimal maneuver time:
where P = 0.5[(9 f /Uo)co^\°- 5 . Here we note that the optimal slewing time for an equivalent rigid body is 4(^/0}^.
The approximations to the post-maneuver energy and the attitude error of the central body are obtained using Eqs. (37) and (38) , respectively. These are:
Since S ij9 as defined previously, does not depend on 7, we have used S f = S y where / = « + !,«+ 2,...,M. Equations (39) where i = n + l,/i + 2,...,M.
IV. Determination of the Time-Optimal Control
As observed in Corollary 2, the numerical optimization problem can be reduced to a set of algebraic equations in Eqs. (29) and (30) . The solutions of these equations can be obtained using a homotopy scheme. 43 The scheme proposed here is applicable to the scalar control case described previously. The generalization to the vector control case is straightforward. We define the following nondimensional variables: Table 3 Optimal final time and switching times for the four cases (P = 28.8706), s Fig. 4 The energy, rigid central body attitude and optimal control time histories for n = 2.
We will refer to P as the maneuver parameter. Equations (29) and (30) can now be rewritten as: HI TIME (sec.) Fig. 6 The energy, rigid central body attitude and optimal control time histories for n = 4. where7 = l,2,...,n, and where we have supposed that the control switches 2n + 1 times. We now define the following homotopy functions:
where 7 = l,2,...,n and where A is the homotopy parameter, 0<A<1. Notice that ^T/j; ll+1 ,...,j; 1 ,l,A ll ,...,Ai) = Table 4 Predicted and actual attitude errors comparison for t > t*/2
The number of modes suppressed at tf/2,n: 
where j = 1,2,...,ft, and
For specified values of parameters P,r 2 ,r 3 ,...,r w the homotopy path, starting at A = 0, is followed by numerically integrating the basic differential equations 45 arising from Eqs. (54) 
V. Example Slewing Maneuvers
Consider a flexible spacecraft with two uniform flexible appendages, whose material and maneuver specifications are given in Table 1 One torque actuator located on the rigid central body is used to control the slewing. The rigid body mode and the first 10 vibrational modes are retained in the evaluation model. The normalized mode shapes for a fixed-free cantilever beam are used as the assumed mode shapes. The results of the modal analysis appear in Table 2 . Four situations are now considered in which the first, the first two, the first three, and the first four vibrational modes are used, in addition to the rigid body mode, to define the control model; and hence are actively suppressed at the final time. The solutions of Eqs. (50) and (51) for a 90 deg rest-to-rest slewing maneuver corresponding to a parameter value P = 28.87059 appear in Table 3 . These optimal switching and final times apply to a 90 deg rest-to-rest maneuver centered about time t = 0. It takes 9.338607 s to slew an equivalent rigid body through 90 deg. The maneuver times for maneuver starting at t = 0 for cases where the first, the first two, the first three, and the first four modes are actively suppressed at the final time are found to be 9.45013,9.457802,9.458439 and 9.458447 s, respectively. All of these maneuvers are found to have begun with u(t) = + U 0 (i.e., a = +1). The difference in maneuver times decreases as we increase the number of modes suppressed at the final time. Moreover since co*O f /U 0 = 28.8706 > 1, we observe that the time to slew an equivalent rigid body is not significantly different from the slewing times of any of the four cases.
The rigid hub would continue to oscillate after the maneuver has been completed due to the energy spillover to the residual modes. This results in a pointing error of the rigid central body. A bound on this pointing error can be determined. Using Eqs.
(49-51) we are able to determine the number of modes that need to be actively controlled at the final time so that we are guaranteed a prespecified pointing accuracy after the maneuver has been completed [Eq. (50) applies here]. The exact maximum attitude error and the upper bound on the attitude error obtained using Eq. (50) are compared in Table 4 . In this case [as per Eq. (50)], we need to control at least six modes (predicted accuracy of 0.0011 deg), so that we are guaranteed a pointing accuracy of better than 0.0019 deg. However, an accuracy of this magnitude is realized, in actuality, if we suppress only the first four modes at the final time. There appears to be a sizeable difference between the actual attitude errors and the attitude error predicted using Eq. (50). The difference, however, becomes smaller and smaller as more modes are actively suppressed at the final time. The agreement between the two quantities compared above is also dependent, somewhat, on the required pointing accuracy. For example, Eq. (50) predicts that we need to control two modes actively to be guaranteed an attitude accuracy better than 0.41 deg. In actuality, we must also control at least the first two modes to have a pointing error of less than 0.41 deg. The optimal control, energy, and the rigid hub attitude (6) time histories during and after the maneuver for the five cases (n = 0, 1,2, 3, 4) are presented in Figs. 2-6. Post maneuver time histories of the rigid central body attitude (6) are magnified in Figs. 7 and 8 (cases shown correspond to n = 0, 1, 2 and n = 3, 4, respectively). The residual energies for the cases examined are found to be 20.673, 5.199,2.763, 0.011, and 0.014 J(for n =0,1,2, 3, and 4, respectively). It decreases initially as more modes are brought to rest at the end of the maneuver, but then it increases slightly as we suppress an additional mode at the final time. In contrast, the maximum pointing error of the central body decreases throughout, implying perhaps that it is the maximum pointing error and not the residual energy that is the proper measure of the maneuver accuracy.
VI. Conclusions
The time-optimal, single-axis, rest-to-rest rotational maneuver of an elastic spacecraft has been considered. The main results of the present work are as follows:
1) The optimal control history has an important time symmetry property.
2) The optimal switching times, the final time, and the costates at midmaneuver satisfy a system of nonlinear algebraic equations that can be solved using homotopy methods.
3) When only one control input is used, the optimal control history is independent of actuator locations (as described earlier).
4) Upper bounds on the attitude error of the central rigid body, arising from control spillover, are obtained.
The numerical optimization problem has been reduced to a system of nonlinear algebraic equations in the optimal switching times and the optimal final time. A homotopy method has been proposed to obtain solutions to these equations. Upper bounds on the pointing errors of the central body have been presented. These provide a rough estimate of the number of vibrational modes that need to be actively suppressed at the final time so that the pointing accuracy is better than a prespecified value. It is found that, if the maneuver parameter is sufficiently large, the slewing time for an equivalent rigid body provides a good estimate of the time required to slew the elastic spacecraft.
It is noticed that it is possible to achieve very fine pointing of an elastic spacecraft by controlling only a few of the elastic modes. In the example maneuver presented, it is seen that for a large angle rest-to-rest slewing maneuver, fine terminal pointing accuracy is achievable if the first four vibrational modes are actively suppressed.
There are, however, some limitations of the present work. The analysis here is restricted to linear, elastic, undamped, nongyroscopic systems. However, some natural damping is always present. The assumption regarding small angular velocities might fail to hold for minimum time rotational maneuvers unless the control limits are sufficiently small. Both of these assumptions, however, greatly simplify the analysis. The presence of damping destroys the symmetry property of optimal controls, which is one of the main results of this paper.
There are obvious implications of the results presented here. For example, there is a suggested separation of the time-optimal control problem and the structural optimization problem when only one control input is present. The time optimal control problem can be solved independently of the structural optimization problem of locating the actuators to optimize some structural excitation criteria (without affecting the optimal control history).
Appendix
Theorem 1: For the optimal control problem defined by Eqs. (18) (19) (20) (21) (22) , the optimal control «(0* is an odd function of time, i.e., n(r)* = -u( -0*, -tj 12 < t < tf/2, where tj is the optimal maneuver time.
Proof-. Normality of the pair (A,B) guarantees that an optimal control exists 41 ' 42 and is unique. The remainder of the proof is to demonstrate that the unique optimal control «(/)* satisfies the following symmetry property:
where -t?/2< t < tf/2. Theorem 2: Suppose that for some integers k j , and 0 <j < m, Eq. (29-31) admit a solution (*>," 1 < r < k j \ 0 <y < ra; fy/2; /?'j, 0 < / < «) satisfying inequalities in Eqs. (27) and (32). Then:
1) The yth component of the optimal control solving problem (18) (19) (20) (21) (22) 2) The optimal maneuver time of the optimal control solving problem (18) (19) (20) (21) (22) is exactly t f .
Proof: Suppose that for some integers k j , 0 < j < m, Eqs. (29) and (30) 
